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I. INTRODUCTION 

Very recently, Gudder has given the mathematical the- 
ory for the duality computer In his timely work, he 
has provided two descriptions, one is in the pure state 
formalism and the other is in the mixed state formalism 
for the mathematics of duality computer. The duality 
computer is a new type of computing machine based on 
the general principle of quantum interference proposed 
in Ref.0]. Notably, unsorted database search problem 
may be solved by using only a single query, and all NP- 
complctc problems may have polynomial algorithms in 
the duality computer [3]. 

In Rcf. 1], it has been pointed out that a paradoxi- 
cal situation occurs with the mixed state situation where 
the formalism gives a different result from the pure state 
formalism, and in particular, the advantage of duality 
computer was lost in the mixed state formalism. 

In this paper, we give the mathematical theory of the 
duality computer in the density matrix formalism. This 
density matrix formalism description is in accordance 
with Gudder's pure state description, and hence solves 
the paradox. Density matrix may have different physical 
interpretations [H, Q], and different interpretation may 
lead to different results if issues concerning the funda- 
mentals are involved. In this short paper, we can ei- 
ther consider the density matrix arises from the average 
of many computations using duality computers starting 
from different initial states, or consider it as an improper 
mixed state arising from the average over other unseen 
degrees of freedom. Here we just study the mathematical 
formalism and do not consider fundamental issues where 
difference may arise. 



II. DIVIDER AND COMBINER OPERATORS 
IN DUALITY COMPUTER 

Two important operations in the duality computer are 
the quantum wave divider and combiner [2] ■ A quantum 
wave divider is an operation that divides a quantum wave 



into many sub-waves of the same quantum system, and 
is represented graphically as 
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where pi > and Pi = 1. The quantum wave com- 

biner is the reverse operation of quantum wave divider, 
and it is represented graphically as 



Ipn 



(2) 



Their mathematical descriptions have been given by 
Gudder as 



(3) 



for the divider, and the quantum wave combiner is given 
by 



C p (pilp © • • • ® Pn 1p) = |b|| ^Piffl. 



(4) 



where the subscript p represents a probability distribu- 
tion p = (pi,---,p n ) with pi > and Y^i=xPi = 1- 
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Then Gudder has shown that D p and 



INI = (Ep? 

C p are linear isometries satisfying C p = where the 
dagger superscript represents the hermitian conjugate 
operation, namely complex conjugate plus transpose. 

Thus the kind of operations allowed in duality com- 
puter are more general than those in a quantum com- 
puter. It takes the general form piUi + p^Vi for a two- 
path duality computer where U± and U2 are unitary op- 
erators and pi + p-2 = 1- 

If the input state of the duality computer is a mixed 
state, according to Gudder, the divider operation is 



D p pD p = ®Pip, 



(5) 
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namely the mixed state has been divided into n parts. 
Then if the duality gate operations, ©17, is applied to 
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each path, the state becomes ®PiUipUj . Then the quan- 
tum wave combiner operation gives the following result 
^PiUipUj , namely the combiner operation in the den- 
sity formalism gives 

C p {pi ® p 2 ---® Pn)Cl = E^- ( 6 ) 

i 

Because ^PiUipUj describes a quantum operation, in- 
cluding both unitary operation and measurements, the 
mixed state approach gave generally different result from 
those obtained from the pure state approach, and a para- 
doxical situation occured. 



III. MATHEMATICS OF DUALITY 
COMPUTER IN THE DENSITY MATRIX 
FORMALISM 



We adopt Gudder's mathematical definition of divider 
operation however in accordance with Eq. JT]) 

However for the combinor operation we define, 

C p (® Pi U iP U})Cl = \\p\\ 2 (Y,P^)p(J2p^ K ( 8 ) 

i i 

It is easy to check that if the input state is a pure state, 
then the combined operation of divider and combiner 
leaves the state invariant, 

C P D P ( |VW|)DjCj= n4^(©P* W W)°t 

= ^Tb^)lv^l(E^) H^l- (9) 

i i 

The physical meaning is apparent if we interpret the 
density matrix in the proper mixture sense Q: we run the 
duality computer N times and Ni times the input state is 
\4>i), and then the density matrix for the input state can 
be written as p = ^2 i qi\4>i)(4'i\ where qi = Ni/N. Then 
in the j-th round of duality computation, the resulting 
state is 

i 

In term of the density matrix formalism, it is 

i k 

After the N rounds of duality computation, the aver- 
aged state after a duality computation is just the average, 
namely 

E^E^i^mE^-) 1 

3 i k 

= (j2p i u>)p(J2pkU k ) i . (ii) 

i k 



Eq. ([8]) indicates that the combinor operation can only 
combine sub- waves for the same quantum system, i.e., all 
the sub-waves are from the same original wave through 
a quantum wave divider. This is a natural requirement 
of the general principle of quantum interference Q ■ Now 
we check the pure state formalism results of Gudder in 
the density matrix formalism. 

Lemma 2.1 is also valid in the density matrix formal- 
ism, i.e. the divider operation is an isometry. 

Lemma 2.2 is also true, i.e., the combiner operation C p 
is also an isometry. 

Theorem 2.3 is also valid here in the density matrix 
formalism, namely the identity Ir is an extreme point of 
9(H). 

Corollary 2.4 is also true. Namely the extreme points 
of g(H) are precisely the unitary operators of H . 

Theorem 2.5 is also valid in the density matrix formal- 
ism, namely all bounded linear operators on H is in the 
positive cone generated by the convex set whose extreme 
points are the unitary operators on H. The proof of this 
theorem in the density matrix formalism can be made 
in the same way as in the pure state formalism of Gud- 
der, noting that the density p can be written as a convex 
combination of pure state density matrices. 

Corollary 2.6 is also true in the density formalism. 

IV. THE MEASUREMENT EFFICIENCY IN 
THE DUALITY COMPUTER 

In Ref. @ , we have pointed that there exists the prob- 
lem of measurement efficiency of a partial wave in the 
duality computer, especially when the final result is a 
near cancellation of the sub-waves. By measurement ef- 
ficiency we mean the probability to obtain a measured 
result if a perfect measuring apparatus is used. Mathe- 
matically, these three cases can be described respectively 
by the following: 

1) When measuring a partial wave, the probability dis- 
tribution is the same as that when measuring a full wave. 
In this case, this is equivalent to no renormalization of 
the final quantum state, the final state after the duality 
computation in the pure state formalism is 

c P © pftW = 'EbHUiM). (12) 

In general when an mixed input state is used, the final 
density matrix will be 

E^'^'V' 7 - ( 13 ) 

2) In the second scenario, the measurement efficiency is 
100% but it may require a longer time to get a measured 
result. In the third scenario, the measurement efficiency 
is 100% and there is no time delay in getting a result. 
In both cases, they correspond to a renormalization to 
the final state before the measurement provided that the 
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norm of density matrix is greater than a threshold de- 
pending on the measurement device, 



\lpout) 



0, else 



(14) 



where e > is a small number dependent on the mea- 
surement device. For an ideal measurement device, e = 0, 
namely as long as the sub- waves do not cancel completely, 
the measurement device will detect it. 

For mixed state, in terms of the density matrix for- 
malism, this means that the resulting density matrix just 
before the measurement is 



Pout 



(15) 



if Tr ((EiPiUdpiEjPjUjV) > e. It will be zero if 



Even in the first scenario, quantum Zeno effect may be 
used to increase the measurement efficiency as one can 
repeatedly measure the same partial wave. Then this 
may bring the final density matrix to the form in Eq. 

For efficient calculation, the second and third scenario 
are preferred. However the final choice is up to to Na- 
ture and it depends further experimental study. However, 
even in the first scenario, the duality computer is at least 
as powerful as a quantum computer because when there 
is only a single path, a duality computer is just a quan- 
tum computer. With the help of quantum Zeno effect, 
the measurement efficiency can be increased. 
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